We show how the fundamental cocycles on current Lie algebras and the Lie algebra of symmetries for the sigma model are obtained via the current algebra functors introduced in [1] . We present current group extensions integrating some of these current Lie algebra extensions.
Introduction
In [1] , the first and second author introduced two current algebra functors CA and SA which assign a Lie algebra (a current algebra) to a pair of a smooth manifold S and a differential graded Lie algebra (dgla) A. Recall that for a Lie algebra g the cone Cg is a dgla with a copy of g in degree zero, a copy of g in degree (−1) and the differential d : g −1 → g 0 mapping one copy to the other. The name "current algebra" comes from the fact that for A = Cg the current algebra functors yield the Lie algebra of maps from S to g, CA(S, Cg) = SA(S, Cg) = C ∞ (S, g).
Among other things, the current algebra functors are useful for constructing central and abelian extensions of the Lie algebra C ∞ (S, g). In particular, in [1] we showed how to derive the standard central extension of the loop algebra C ∞ (S 1 , g), where g is a quadratic Lie algebra. Surprisingly, it comes from the central extension of the dgla Cg by a line in degree (−2). This central extension is defined by formula [x, y] = (x, y)c, (
where x, y ∈ g −1 , (·, ·) is the invariant scalar product on g, and c is the generator of the central line. Note that equation (1.1) is the defining relation of the Clifford algebra on g defined by the scalar product (·, ·). Another application of the current algebra functors is an elegant construction of the Faddeev-Mickelsson-Shatashvili abelian extension of the Lie algebra C ∞ (S, g) for S a manifold of higher (odd) dimension.
The purpose of this note is to give two new applications of the current algebra functors. The first application concerns the 2-cocycles on the Lie algebra C ∞ (S, g). They were classified by Neeb in [7] . In Section 2, we show that all cocycles of this classification can be obtained by applying the current algebra functors CA and SA to various extensions of the cone alga Cg. The key ingredient in the proof is an observation that under some assumptions the current algebra functors map exact sequences to exact sequences (even though this is not the case in general).
In Section 3, we present a new construction of current algebras associated to 2-dimensional σ-models introduced in [2] (for some applications in Physics, see [8] and [3] ). For these current algebras, the dgla A is built from the Courant bracket on the "target" manifold M. The main tool here is the study of current algebras associated to semi-direct products of dglas. Another important tool which allows to work with Poisson brackets on σ-models is the hat calculus introduced in [9] and reviewed in Section 4.
A, were introduced in [1] . Their name comes from the fact that the current Lie algebra C ∞ (S, g) is obtained when A is the cone of a Lie algebra g. The cone Cg of a Lie algebra g is the dgla spanned by elements L(x) of degree 0 and elements I(x) of degree −1,
The first functor is the current algebra functor CA:
with Lie bracket the derived bracket [4] :
2)
The second current algebra functor SA is simply
with the obvious Lie bracket
. They fit into an exact sequence of Lie algebras:
The two functors CA and SA coincide for acyclic dgla's. When A is the cone Cg of a Lie algebra, both functors provide the current Lie algebra:
The current algebra functors CA and SA are contravariant w.r.t. to S and covariant w.r.t. A. Furthermore, for any short exact sequence of dgla's 0 → A → B → C → 0, with C acyclic as a complex, we get short exact sequences of Lie algebras:
Central dgla extensions of the cone
In this section we show how the fundamental cocycles on current algebras can be obtained by applying the current algebra functors to central dgla extensions of the cone of a Lie algebra.
Theorem 2.2 [7]
Each continuous 2-cocycle on the current Lie algebra C ∞ (S, g) is a sum of cocycles that factor through a cocycle of the following type:
4. pull-back of a cocycle on an abelian quotient of C ∞ (S, g).
One-dimensional central extensions of the cone. The isomorphism classes of central one-dimensional graded Lie algebra extensions of Cg by
We get a nontrivial dgla extension of Cg by R[k] if either k = 2, or if k = 1 and the cocycle λ : g → g * is such that the map (x, y) → λ(x)y = γ(x, y) is skew-symmetric on g. In both cases the extended dgla is Cg ⊕ R[k] as a complex.
Applying the current algebra functor CA to the corresponding dgla cone extensions denoted by C p g and C γ g, and using remark 2.1, the central extensions of the current algebra C ∞ (S, g) by C ∞ (S), resp. by Ω 1 (S)/dC ∞ (S) are obtained:
These are the cocycles 1. and 3. from Theorem 2.2. We check it for the cocycle σ γ , since the cocycle σ p has been treated in [1] . The derived bracket (2.2) 
Then the characteristic cocycle of the central extension is
To get the Neeb cocycle σ N , the second cocycle from Theorem 2.2, one needs a two dimensional dgla central extension of Cg. First we notice that a g * -valued 1-cocycle α on g (for the coadjoint action) is the same as an exact invariant inner product p on g. Indeed, any such cocycle α decomposes into its symmetric part p ∈ S 2 g * and skew-symmetric part ω ∈ Λ 2 g * by α(x)y = p(x, y) + ω(x, y), x, y ∈ g. One gets that
so that the vanishing of the Chevalley-Eilenberg differential of α is equivalent to the exactness of p, namely p([ , ], ) = −d g ω. From this also the ginvariance of p follows.
The 2-cocycle on Cg
defines a 2-dimensional central graded Lie algebra extension of Cg, denoted by C α g. The differential that takes the central element c 2 in degree −2 to the central element c 1 in degree −1 (and of course I(x) to L(x)) makes it a dgla.
Proposition 2.3
The Lie algebra SA(S, C α g) is isomorphic to the central Lie algebra extension of the current algebra C ∞ (S, g) by Ω 1 (S) defined with the Neeb cocycle σ N .
Proof. The Lie bracket on
is seen to be
Using also the decomposition of α into its symmetric and skew-symmetric parts p and ω, the characteristic cocycle is
Proposition 2.4 If the 1-cocycle α : g → g * involved in Neeb cocycle can be integrated to a group 1-cocycle a : G → g * , then there is a group 2-cocycle c on the current group C ∞ (S, G), integrating the Neeb cocycle:
Proof. The Lie algebra cocycle associated to the group cocycle c is α
). It is shown in [7] that for any simply connected Lie group G integrating g, the current algebra extension defined with the Neeb cocycle can be integrated to a current group extension. This is a special case of the proposition above, since any Lie algebra 1-cocycle α on g can be integrated to a group 1-cocycle a on the simply connected Lie group G.
3 Sigma model symmetries via current algebra functors
Abelian extensions of current algebras
A differential graded space V with an action of the dgla Cg, compatible with the differential (and with the grading) on V , is called a g-differential space. This means that L(x)v = I(x)dv + dI(x)v for all x ∈ g and v ∈ V . The main example of a differential graded space is the space of differential forms
The semidirect product Cg ⋉ V is again a dgla. By remark 2.1, since Cg is acyclic, the current algebra functors CA and SA applied to Cg ⋉ V provide semidirect products of the current Lie algebra C ∞ (S, g). For instance
for ϕ ∈ C ∞ (S) and η ∈ Ω(S). More generally, the current algebra functors provide abelian current algebra extensions when applied to abelian dgla extensions of the cone Cg by a g-differential space V . These are described by pairs (ω, δ), where ω ∈ Λ 2 (Cg) * ⊗ V deformes the Lie bracket and δ ∈ (Cg) * ⊗ V deformes the differential, satisfying the closedness condition d tot (ω + δ) = 0, where d tot is the sum of the Chevalley-Eilenberg differential d Cg for the Lie algebra Cg and the differentiald is induced by the differential graded spaces Cg and V . This closedness condition is equivalent to
In particular ω is a 2-cocycle on the cone.
One obtains the dgla (Cg ⋉ ω V ) (δ) with differentiald(a, v) = (da + δa, dv) and Lie bracket [(a, v) 
Theorem 3.1 The current algebra functor CA applied to the dgla (Cg ⋉ ω V ) (δ) provides an abelian Lie algebra extension of the current algebra
Proof. We compute thed-derived bracket, i.e. the bracket on CA(S,
Using the identity which follows from d Cg δ + dω = 0:
after we mod out the exact term 1 2 d(ϕψ ⊗ ω(I(x), I(y))), one gets the cocycle
that can be rewritten as (3.4) for u, v ∈ C ∞ (S, g). A similar result holds for the SA functor (see also the exact sequence of Lie algebras (2.4)):
Proposition 3.2 The current algebra functor SA applied to the dgla (Cg⋉ ω v) (δ) provides an abelian Lie algebra extension of the current algebra C ∞ (S, g) with characteristic SA(S, V )-valued cocycle given by the differential of the cocycle from theorem 3.1.
First we present an example considered in [1] , where ω = 0. Let e ∈ V 1 such that p = de is basic with respect to the Cg action, i.e. I(x)p = L(x)p = 0 for all x ∈ g. We define δ(I(x)) = −I(x)e and δ(L(x)) = L(x)e and we deform the differential on Cg ⋉ V as in (3.3) tõ
This new dgla is denoted by C e g = (Cg ⋉ V ) (e) Corollary 3.3 The current algebra functor CA applied to the dgla C e g provides an abelian Lie algebra extension of the current algebra C ∞ (S, g) with characteristic 2-cocycle (u, v) → −I(u)I(v)e ∈ CA(S, V ), (3.6) while the characteristic cocycle for the current algebra functor SA applied to
Proof. The first formula follows from theorem 3.1:
while for the second formula we just apply Proposition 3.2.
Example 3.4 The Fadeev-Mickelsson-Shatashvili (FMS) Lie algebra is a 1-dimensional extension of a current algebra extension by the module of functionals on the space of connections, and can be obtained by the current algebra functor CA as explained in [1] . We present here a truncated FMS extension, as application of theorem 3.1.
The cone Cg * of the Lie algebra dual g * , with elements denoted by ℓ(ξ) and ι(ξ) for ξ ∈ g * , is a g-differential space for the Cg-action:
Each element p ∈ (S 3 g * ) g provides a Lie algebra cocycle ω on Cg
which defines a dgla extension B = Cg ⋉ ω Cg * [2] for the natural differential dI(x) = L(x) and dι(ξ) = ℓ(ξ).
We apply theorem 3.1 to the pair ω and δ = 0 and we get that the abelian Lie algebra extension CA(S, B) of the current algebra C ∞ (S, g) by the module CA(S, Cg * [2]), described by the characteristic cocycle
is the space of linear functionals on the space Ω 1 (S, g) of g-valued 1-forms, and we get the FMS cocycle:
The dgla B F M S is the extension of the dgla B = Cg ⋉ ω Cg * [2] by R [4] , given by the cocycle (I(x), ι(ξ)) → ξ(x). Then CA(S, B F M S ) is the truncated FMS current algebra, namely the central extension of CA(S, B) = C ∞ (S, g) ⋉ σ Ω 2 (S, g * ) by R, with cocycle defined by
The abelian Lie subalgebra Ω 2 (S, g * )⊕R of CA(S, B) is the space of (inhomogeneous) linear functions on the affine space Ω 1 (S, g) of g-valued connections.
Sigma model symmetries
In this section we show that the Lie algebra of symmetries for the sigma model [2] can be obtained with the current algebra functor CA applied to a semidirect product dgla with deformed differential, as in corollary 3.3.
Cotangent bundle of manifolds of smooth maps. Let F = C ∞ (S, M) be the Fréchet manifold of smooth maps, where S is a compact k-dimensional manifold. By the hat calculus presented in the appendix, Section 4.1, a closed (k + 2)-form H on M defines a closed 2-formĤ = H · 1 on the manifold
fields on M along f ∈ F . The 2-formĤ can be used to twist the canonical symplectic form ω on the cotangent bundle p : T * F → F in the usual way ωĤ = ω + p * Ĥ . We denote by { , }Ĥ the corresponding Poisson bracket. Section 4.2 in the appendix collects some facts about the twisted cotangent bundle, that will be used below for T * F . The function on the cotangent bundle T * F F η⊗α = p * α · η is associated to differential forms η on S and α on M with |α| + |η| = k. Here α · η(f ) = S f * α ∧ η is a function on F obtained by the hat calculus. The identity (dβ) · η + (−1) |β| β · dη = 0 for |β| + |η| + 1 = k implies the relation
Another function on the cotangent bundle T * F J ϕ⊗v = ev ϕv is associated to a function ϕ ∈ C ∞ (S) and a vector field v ∈ X(M), namely it is the function on T * F defined by evaluation at the vector field ϕv : f → ϕ(v • f ) on F , as in remark 4.1.
There is an injective Lie algebra homomorphism (Proposition 4.5)
Notice that the functions F η⊗α = Φ( α · η) for α · η ∈ C ∞ (F ) and J ϕ⊗v = Φ(ϕv) for ϕv ∈ X(F ) all belong to the Lie subalgebra Im Φ which is described in the next proposition.
Proposition 3.5 The Poisson brackets of functions of type F η⊗α and J ϕ⊗v on the cotangent bundle T * C ∞ (S, M) with twisted symplectic form ωĤ = ω + p * Ĥ are:
Proof. For the proof we use the fact that Φ is a Lie algebra homomorphism, as well as the hat calculus from section 4.1.
The next computation uses the identity (4.6) at step four
The third identity is an immediate consequence of the fact that α · η, α ′ · η ′ ∈ C ∞ (F ) lie in the abelian part of the abelian Lie algebra extension byĤ. This is the higher dimensional version of the Lie algebra of symmetries for the sigma model [2] , namely when the circle is replaced by a k-dimensional compact manifold S. Remark 3.6 In the special case when S is a circle and H a closed 3-form, one gets the following generating functions on the cotangent bundle T * LM of the loop space LM: J ϕ⊗v , F ϕ⊗α , F η⊗f , where ϕ ∈ C ∞ (S), v ∈ X(M),
In [2] the first two functions were put together into a function J ϕ⊗(v,α) , where (v, α) ∈ Γ(T M ⊕ T * M) is a section of the Courant algebroid T M ⊕ T * M. Their bracket involve the twisted Courant bracket
but provide an "anomalous" term involving the inner product
It works similarly for
there is a bracket and an inner product with values in Ω k−1 (M), both defined by the same formulas as above. The anomalous term
An abelian current algebra extension. Let S be a smooth k-dimensional manifold and M a g-manifold. Then the space V = Ω(M)[k + 1] of differential forms on M with a (k + 1) shift in degree is a g-differential space.
, where x M ∈ X(M) denotes the infinitesimal generator for x ∈ g. The closed (k + 2)-form H on M is an element in V 1 , so it can be used for deforming the derivation on Cg ⋉ V as in (3.5):
One obtains the dgla (Cg
is an abelian extension of the current algebra C ∞ (S, g) by the module
with characteristic 2-cocycle
The Lie algebra bracket written on its generators ϕ ⊗ I(x) ∈ C ∞ (S, g) and
Proof. The expression of the cocycle σ H on the current algebra follows from Corollary 3.3. The first identity involves the cocycle σ H , the second identity involves the derived action (3.1) of 
In particular the Lie algebra of sigma model symmetries is an abelian extension of the current algebra C ∞ (S, X(M)) by the module
defined by the 2-cocycle
Current group extension. As it is observed in [7] , an obvious source of 2-cocycles on Lie algebras of vector fields are the closed differential forms. Let G be a Lie group acting on a smooth manifold N and let x N ∈ X(N) be the infinitesimal generator for x ∈ g. Then for any closed differential form ω ∈ Ω k+2 (N),
is a Lie algebra 2-cocycle.
Theorem 3.10 [7]
Whenever the cohomology class of the closed form ω is integral, the Lie algebra extension defined by the cocycle ω [2] integrates to an abelian Lie group extension of the universal covering of G 0 , the identity component of G, by the quotient group (
, where
The proof uses a general theorem on the two obstructions for the integrability of abelian Lie algebra extensions to extensions of infinite dimensional Lie groups [6] .
Theorem 3.10 can be applied to our cocycle σ H from (3.9). The Lie group G = C ∞ (S, Diff(M)) acts in a natural way on N = S × M, namely g · (s, m) = (s, g(s)(m)). If ω denotes pull-back of the closed form H ∈ Ω k+2 (M) to S × M, then the cocycle σ H is just the restriction of ω [2] to the current algebra g = C ∞ (S, X(M)), a Lie subalgebra of X(S × M).
Corollary 3.11
Assuming that the cohomology class of the closed (k + 2)-form H on M is integral, the Lie algebra of sigma model symmetries (an abelian Lie algebra extension of C ∞ (S, X(M)) by the module Ω k (S×M)/Ω k (S× M) exact with cocycle σ H ) integrates to an abelian Lie group extension of the universal covering of the identity component
Appendix

Hat calculus
The space C ∞ (S, M) of smooth functions on the compact k-dimensional manifold S with values in the manifold M is a Fréchet manifold in a natural way. The tangent space at f ∈ C ∞ (S, M) is identified with the space of smooth sections of the pullback bundle f
Differential forms on C ∞ (S, M) can be obtained in a natural way from pairs of differential forms on M and S by the hat pairing [9] . Let ev : S × C ∞ (S, M) → M be the evaluation map ev(s, f ) = f (s), and pr : S × C ∞ (S, M) → S the projection on the first factor. A pair of differential forms α ∈ Ω p (M) and η ∈ Ω q (S), with p + q ≥ k, determines a differential form α · η on C ∞ (S, M):
It is the fiber integral over S of the (p + q)-form (ev
In this way one obtains a bilinear map called the hat pairing:
A special case is the hat pairing of differential forms on M with the constant function 1 ∈ Ω 0 (S) (the transgression map)
If p + q = k, then the result of the hat pairing is a function on C ∞ (S, M):
The diffeomorphism group Diff(M) acts naturally from the left on C ∞ (S, M). The infinitesimal generator of v ∈ X(M) (the Lie algebra of the diffeomorphism group is the Lie algebra of vector fields with the opposite bracket) is the vector fieldv on C ∞ (S, M) given bȳ
The bracket of two infinitesimal generators is [v,w] = [v, w]. Given α ∈ Ω p (M) and η ∈ Ω q (S), the identity
holds for all vector fields v ∈ X(M). Together with (4.3), the last formula permits us to write down an explicit expression for the hat pairing,
which gives a complete description of α · η on the open subset of embeddings of S in M, since Diff(M) acts infinitesimally transitive on embeddings.
From the known fact that differentiation and fiber integration along a boundary free manifold S commute, we get that the exterior derivative d is a derivation for the hat pairing, i.e.
where α ∈ Ω p (M) and η ∈ Ω q (S). In the particular case p + q + 1 = k we
is a consequence of (4.4) and (4.5).
Remark 4.1 We need also more general vector fields of type ϕv on C ∞ (S, M), for v ∈ X(M) and ϕ ∈ C ∞ (S). This means that (ϕv)(f ) :
. Contraction and Lie derivative for such vector fields can be written as:
The last identity follows from the following calculation:
The twisted cotangent bundle
The last step uses the identity 
Twisted symplectic form The canonical symplectic form ω on the cotangent bundle can be twisted by adding a magnetic term, namely the pull-back of a closed 2-form B on the base manifold [5] . One gets a new symplectic form ω B = ω + p * B on T * M. Such twisted symplectic forms also appear in cotangent bundle reduction. Let { , } B denote the Poisson bracket defined with the twisted symplectic form.
On the other hand every and the other two identities follow in a similar fashion.
